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CONVERGENCE RATES OF SUBSERIES
PAOLO LEONETTI
Abstract. Let (xn) be a positive real sequence decreasing to 0 such that the
series
∑
n
xn is divergent and lim infn xn+1/xn > 1/2. We show that there
exists a constant θ ∈ (0, 1) such that, for each ℓ > 0, there is a subsequence
(xnk) for which
∑
k
xnk = ℓ and xnk = O(θ
k).
1. Introduction.
Given a real sequence x = (xn) with divergent series
∑
n xn, let A(x) be its
achievement set, that is, the set of sums of convergent subseries
A(x) = {ℓ ∈ R :∑k≥1 xnk = ℓ for some subsequence (xnk)
}
.
In this regard, it is known that “almost all” subseries (both in the measure-
theoretic sense and the categorical sense) diverge, see [4, 16, 18]. Related results
in the context of filter convergence have been recently proved in [2, 11, 12].
There is a large literature on achievement sets; see, e.g., [7, 8, 10, 14, 15].
Achievement sets are also known as subsum sets : it is known, for instance, that
if (xn) is a sequence whose terms form a conditionally convergent series then
A(x) = R; see [10, Corollary 1.4]. In addition, if (xn) is a sequence converging to
0 then A(x) is one of the following three possibilities: a finite union of (nontrivial)
compact intervals, a Cantor set, or a “symmetric Cantorval” (that is, a Cantor-
like set with both trivial and nontrivial components); see [14, p. 870]. Motivations
for the investigation of these sets come from, among other areas, measure theory
and fractal geometry; see [5] and [13], respectively. Of special interest have been
specific subseries of the harmonic series
∑
n
1
n
; see, e.g., [1, 3, 17, 20, 21].
Motivated by the study of achievement sets in the context of Banach spaces [6],
Jacek Marchwicki posed the following question during the open problem session
of the 46th Winter School in Abstract Analysis (Czech Republic, 2018):
Question 1. Fix a real ℓ > 0. Does there exist a set of distinct primes P such
that ∑
p∈P
1
p
= ℓ and
∑
p∈P
1√
p
<∞ ?
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Informally, the question above aims to establish whether there is a relationship
between numbers ℓ in the achievement set A(x), where each xn is the reciprocal of
the nth prime, and the growth rate of the subsequences (xnk) for which
∑
k xnk =
ℓ.
In this respect, we are going to prove that there exists a sequence (xnk) of
this type that decays at least exponentially. As a consequence of our main result
(Theorem 3 below), we give an affirmative answer to Question 1, and more, by
proving the following corollary to it.
Corollary 2. For each ℓ > 0 and for each θ > 0, there exists an increasing
sequence of primes (pk) and a constant c > 0 such that
∑
k
1
pk
= ℓ and pk ≥ c θk for all k.
In particular,
∑
k
1
pαk
<∞ for all α > 0.
A related result on the rate of growth of the partial sums (
∑n
i=1 xi) can be
found in [9]. Hereafter, given a real sequence (an) and a function f : N→ (0,∞),
the notation an = O(f(n)) stands for lim supn→∞ an/f(n) <∞. The main result
of this note is the following.
Theorem 3. Let (xn) be a positive nonincreasing real sequence such that
∑
n xn =
+∞, limn→∞ xn = 0, and
L := lim inf
n→∞
xn+1
xn
>
1
2
. (1)
Then there exists a constant θ ∈ (0, 1) such that, for each ℓ > 0, there is a
subsequence (xnk) for which
∑
k xnk = ℓ and xnk = O(θ
k).
It is worth noting that it is well known that every sum can be achieved, i.e.,
A(x) = (0,∞); see [19, Theorem 1.1] and [14, p. 863]. Hence the novelty here
concerns the rate of convergence of subseries, which is asymptotically (at most)
geometric. In addition, these rates are bounded uniformly for all desired subsums.
As it follows from the proof of Theorem 3, an estimate on the value of θ can be
found if L is not small:
Corollary 4. With the same hypotheses as in Theorem 3, suppose that
L := lim inf
n→∞
xn+1
xn
>
√
5− 1
2
(≈ 0.618034).
Then, for each ℓ > 0 and for each ε > 0, there exists a subsequence (xnk) for
which
∑
k xnk = ℓ and xnk = O
(√
1 + ε− L k
)
.
In particular, if L = 1, we obtain the following result (we omit details).
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Corollary 5. Let (xn) be a positive nonincreasing real sequence such that
∑
n xn =
+∞, limn→∞ xn = 0, and limn→∞ xn+1xn = 1. Then, for each ℓ > 0 and for each
θ > 0, there exists a subsequence (xnk) for which
∑
k xnk = ℓ and xnk = O(θ
k).
Finally, we have the following easy consequence.
Corollary 6. With the hypotheses of Theorem 3, for each ℓ > 0 there exists a
subsequence (xnk) such that
∑
k xnk = ℓ and
∑
k x
α
nk
<∞ for all α > 0.
Proof. If α < 1, the claim follows easily by Theorem 3 (we omit details). Hence,
let us suppose that α ≥ 1. Since x is convergent to 0, there exists an integer
N ≥ 1 such that xn < 1 for all n ≥ N . Therefore∑
k≥1
xαnk ≤ N ‖x‖α∞ +
∑
k≥N
xnk ≤ O(1) + ℓ <∞. 
Proof of Corollary 2. Thanks to the prime number theorem, the nth prime is
equal to n logn(1 + o(1)), so that the inequality (1) holds with L = 1. The result
follows by Corollary 5 and Corollary 6. 
2. Further Proofs.
Proof of Theorem 3. First, suppose that α ∈ (0, 1) and fix ℓ > 0. Let a1 be the
smallest integer a such that xa < ℓ, which is well-defined because limn→∞ xn = 0.
Also, let b1 be the greatest integer b ≥ a1 such that
∑b
n=a1
xn < ℓ. Define
S1 :=
∑b1
j=a1
xj. Then recursively construct the increasing sequences of integers
(an) and (bn), as well as the related sequence of real numbers Sn :=
∑bn
j=an
xj , in
the analogous way:
(i) Let an+1 be the smallest integer a > bn such that
xa < ℓ−
n∑
i=1
Si;
(ii) Let bn+1 be the greatest integer b ≥ an+1 such that
b∑
j=an+1
xj < ℓ−
n∑
i=1
Si.
Note that, by the maximality of bn, we have an+1 ≥ bn + 2. Denoting by (nk) the
increasing enumeration of (infinite) set
⋃
n[an, bn], it easily follows that
∑
k xnk =
ℓ. Indeed,
0 ≤ ℓ−
n∑
i=1
Si ≤ xbn+1 → 0
as n→∞.
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At this point, fix ε > 0 sufficiently small so that L˜ := L − ε > 1
2
, and set
N = N(ε) > 1 such that
xn+1 ≥ L˜ xn
for all n ≥ N . Note that ∑ni=1 Si < ℓ ≤
∑n−1
i=1 Si + xan−1 for all n > 1, implying
that
xan−1 > Sn = xan + · · ·+ xbn ≥
(
L˜+ · · ·+ L˜κn
)
xan−1 (2)
for all n ≥ N , where κn := bn − an + 1. Considering that L˜ > 12 , it easily follows
that
K := lim sup
n→∞
κn <∞. (3)
With similar reasoning, we have
∑n+1
i=1 Si < ℓ ≤
∑n−1
i=1 Si + xan−1 for all n > 1.
This implies that
κn+1xbn+1 ≤ Sn+1 < xan−1 − Sn ≤ xan−1 − xan
≤ xan−1(1− L˜) ≤ xbn−1(1− L˜).
Therefore, xbn = O
(
(1− L˜)n/2
)
. Considering that there exists an integer M ≤ 0
such that nk ≥ b⌊k/K⌋ +M for all large k, we conclude that
xnk ≤ xb⌊k/K⌋+M ≤ xb⌊k/K⌋+M = O
(
(1− L˜) k/K+M2
)
= O(θk), (4)
where θ := (1− L˜)1/2K . This completes the proof. 
Proof of Corollary 4. With the same notation as in the proof above, fix a suffi-
ciently small ε > 0 such that Lˆ := L− ε >
√
5−1
2
. Then inequality (2) holds only
if κn = 1 for all n ≥ 2; hence K = 1. The claim follows by the estimate (4). 
2.1. Acknowledgment. The author is grateful to the editor and the two anony-
mous referees for their remarks that allowed a substantial improvement of the
presentation.
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